Math 20 — 1 Pre-Calculus 11 Topic 1.1 Arithmetic Sequences

Get Started

When the numbers on these plates are arranged in order, the differences
between each number and the previous number are the same.

TRrtens eaannay anesic TTere eamanes aeif eTont cavians seerit Ten canners sz
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What are the missing numbers? W! E:( ] 27 ‘l ‘Eil | +3,4 =35
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Construct Understanding % ®
Saket took guitar lessons. 5
The first lesson cost $75 and included the guitar rental for the | 7 5

period of the lessons.

1] 3006

R
| lesroas A 7£
What would be the total cost of 15 lessons? /’;@.95; Yas Coﬁl ap? /‘“‘n’ 3%0‘{0/6‘0.\""0/
10 -~ coS*df/S‘f

The total cost for 10 lessons was $300.

Suppose the lessons continued.

In an arithmetic sequence, the difference between consecutive terms is
constant. This constant value is called the common difference.

= 300~75
This is an arithmetic sequence:
4,7,10,13,16,19, ... = AR5
The first term of this sequenceis: ¢, = 4 = QA6
The second term is: ¢, = 7 C.,g-l a‘f ) [e”"‘ "—2;- = ,15

Let d represent the common difference. For the sequence above:
d=t,—t and d=t,—t, and d=1¢t ~1 andsoon
=7 -4 10 ~ 7 =13 -10
=3 =3 =3

+3 +3 43 +3

/\f‘\/\/\/\

7, 10, 13, 16, 19,.

The dots indicate that the sequence continues forever; it is an infinite
arithmetic sequence.

To graph this arithmetic sequence, plot the term value, ¢, against the
term number, n.



Graph of an Arithmetic Sequence

e

[ 2}

Termh valup

<

o

0 2 )
Term|numbgr |

The graph represents a linear function because the points lieon a
straight line. A line through the points on the graph has slope 3, which is
the common difference of the sequence.

In an arithmetic sequence, the common difference can be any real number.

Here are some other examples of arithmetic sequences.

« This is an increasing arithmetic sequence because d is positive and the

terms are increasing:
13

1 a1
3P 1, lz,.. ywithd = 3
» This is a decreasing arithmetic sequence because d is negative and the
terms are decreasing:

5 —1,—-7,—13,—19,...;withd = —6

Example 1

Write the first 5 terms of*

a) an increasing arithmetic sequence 17 22 27 32 37 492 / ex aMf/ e 5)
. . . ) 1700, /")
b) a decreasing arithmetic sequence
/ 3/ " 3/ 7/ )

/



Consider this arithmetic sequence: 3,7, 11, 15, 19, 23,. ..
To determine an expression for the general term, t,, use the pattern in
the terms. The common difference is 4. The first term is 3.

t, 3+4{a)

t, 3 +40) For each term, the second factor in the product
t, 3+ ¢4 (2) is 1 less than the term number.

t, | 3+ 4(3)

t, | 3 + 4 (n- /) The second factor in the product is 1 less than n,
— ' orn—1.
Write: 'é't = ‘3*4( - /)
T T )
general first common
term term difference

Example 2

For this arithmetic sequence: —3, 2,7, 12, . .. “t’r\ = ¢ +d (/\ - h
a) Determine t,,. {-Zo =.3 4 s(| q)
b) Which term in the sequence has the value 212? = 4'?5‘
tped, +d(n-) :
2la = - 3+ 5 (n ‘ﬂ

212=-3+ 5n-5% ' ‘
220;5\:\
“4¢ ~ ‘



Example 3

Two terms in an arithmetic sequence are t, = 4and ¢, = 34.
What is 1,2

Example 4

Some comets are called periodic comets because they appear regularly
in our solar system. The comet Kojima appears about every 7 years
and was last seen in the year 2007. Halley’s comet appears about every
76 years and was last seen in 1986.

Determine whether both comets should appear in 3043.

£, = 1984
d= 9L

4, =1986¢ 7&@1-5
2, = ‘ﬁ,-fd(f\“") 2043 = 19 oL +7b- 76

’(, = 2007
A4 =7

égr. .,2200-77 :*;/:\(V\;D 043~ {;ié:o +76 ~

304 + 200 - ‘133 T -

2043 = 3000 + T \4.Qo®’=

J043 = 7n o o evers

149 = n A bes then dad “al%
Ko ima should appear Comed will no¥ appear
R tma - FZO‘B Ovz-kﬁi yegr‘ app



Topic 1.2 Arithmetic Series A /I g 0‘) e/‘/ k? .

Carl Friedrich Gauss was a mathematician born in
Braunschweig, Germany, in 1777. He is noted for his
significant contributions in fields such as number theory,
statistics, astronomy, and differential geometry. When
Gauss was 10, his mathematics teacher challenged the
class to find the sum of the numbers from 1 to 100.
Believing that this task would take some time, the teacher
was astounded when Gauss responded with the correct
answer of 5050 within minutes.

Gauss used a faster method than adding each individual term.

First, he wrote the sum twice, once in ascending order and the other
in a descending order. Gauss then took the sum of the two rows.

1+ 2+ 3+4+ -4+ 99+ 100
100+ 99+ - 4+44+3 + 24+ 1
101 + 101 + + 101 + 101

What do you think Gauss did next?

= [+2+3+..+99+ 100
S = woapﬁ?g\*?g*f“ + X o+ "

o] + 101 +lot + PR Vo TR R - N

26 = 100 (10D

TR YET
S 2

S - )/\ ("é,*’&y\)
2
Sl @armu}a




In determining the sum of the numbers from 1 to 100 Gauss had
discovered the underlying principles of an arith :

S.isreadas”S
subscript n” or “Ssub n”
In the series 2 + 4 + 6 + 8 + -+, S, is the sum of the first four terms.

S, represents the sum of the first n terms of a series.

You can use Gauss’s method to derive a formula for the sum of the
general arithmetic series.

The general arithmetic series may be written as
t,+ (@, +d+ @ +2d)+ - +((t, + (n-3)d] + [, + (n — 2)d]
+ [{t, + (n — 1)d]

For this series, t, is the first term
n is the number of terms
d is the common difference

Use Gauss's method.
Write the series twice, once in ascending order and the other in
descending order. Then, sum the two series.

S = f + (t,+d) + o+ [+ (n=-2)d] + [t,+ (n—1)d]

1

S,= f+(n-1)d + [t,+({n-2)d] + - + (t, + d) + t,

28, = [2t, + (n—1)d] + [2t, + (n—1)d] + - + [2t, + (n — 1)d] + [2t, + (n — 1)d]
25, = n[2t + (n — 1)d]

S, = zl2t, + (n - 1)d)

n

The sum of an 'an
-{Zt + {n :
where t 1s the first

A variation of this general formula can be derived by substituting t_for
the formula for the general term of an arithmetic sequence.

S, = 12, + (n — 1)d]

S =20t +t +(n-1)dl Sincet=t +(n-1)d

3
[ov}

S, =gt +1)

The sumofanérifhin

-—E(t +t) i
Wheret is the ﬁrstt

' nlsthe um

t, is the nth term

S is thesuma_v




Example 1
Determine the Sum of an Arithmetic Series

Male fireflies flash in various patterns to signal location or to ward off

predators. Different species of fireflies have different flash characteristics, o .
such as the intensity of the flash, the rate of the flash, and the shape of ) T~
the flash. Suppose that under certain circumstances, a particular firefly
flashes twice in the first minute, four times in the second minute, and
six times in the third minute.

a) If this pattern continues, what is the number of flashes in the 30th minute?
b) What is the total number of flashes in 30 min?

o2, 4 & 8 ..., .
) T

Jst N
chr"M- %é):v;'m

SZO
Sso -

Your Turn
Determine the total number of flashes for the male firefly in 42 min.

"2"/16/"'; + ,'é d{(m"f>
|5t 2d 3k Haond ,én =2 + __1( 1/-})

A rH+b «»,H—+§'4 /é,\,:
Sv=n (fﬁf.\\

5,/;'-94 024'g

Su/g_ 2/ (84) = -

T
N

H




Example2 —
Determine the Terms of an Arithmetic Series

The sum of the first two terms of an arithmetic series is 13 and the sum
of the first four terms is 46. Determine the first six terms of the series
and the sum to six terms.

1,402,442 8 ¢4 sdttsad 34 =4

At,+d =/3 2t,+5=13 Sé,z ﬁ_(#-*l‘?)

4%,-*4,4'44 Rt =8
4i,+2d 220 Gt s = 3(33) «(AD

4 d2o 4,9,14,19,24 29

Your Turn

The sum of the first two terms of an arithmetic series is 19 and the sum
of the first four terms is 50. What are the first six terms of the series and

the sum to 20 terms?

=/ 24, +d=(9 Yt + A= 3F
A4, 4+t +d =17 AN Ji il = 5o

¢t r At R+t 3= 5, . -4 = - /2
éf'?,l” 8 1, 14,17,20,23

t -8 Sg = /o (théss = /5(3/) = 2/0
2 1074, +A(n-) = 1 (73) =(730)

g + 3(14)
%+ 7
£+ I —

e Given the sequence 1, t, b L, ..., t, the associated series is 5, = t, + t, + 1, + to+ o+t

\

W W

¢ For the general arithmetic series,

L+t +d)+(t,+2d)+ -+ (1, + [n—1]d) or
L+ +di+(t+2d)+ -+, ~d)+1,
the sum of the first n terms is
S,=3l2t,+(n-1d) or S, = S+ ).
where t, is the first term

n is number of terms

d is the common difference

t is the nth term

S is the sum to n terms




'én = ‘ﬁ',*d(n-d )

f
Assess Your Understanding
i 27 19 M3 513 a2 37 4S8
1. Multiple Choice Which arithmetic sequencehas d = ~8 and ts 't';g
t, = —452
Crzi9113,.0 B.-8,~12,-16,~20, ...
. C.=5,~13,-21,—29, ...y D.~27,~19,-11,-3, ...

2. Write the first 4 terms of an arithmetic sequence with its 5th term

ual to —4,
h -z -p -5 -/ —-4 -2

3. This sequence is arithmetic: -8, —11, ~14

a) Write a rule for the nth term.
PRSPV

,._g *3(4-1}

f\

b) Use your rule to determine the 17th term.
—47:—5Oﬁ—5
= — 57
= -66

4. Use the given data about each arithmetic sequence to determine the

indicated values.
a) t, = ~5and t, = —20; determine d and ¢,

/0 8§ 0 -5 o IS -2
%y Z,

i‘f -+ 31 =é7

-5 + 34 =-20
2d_=-IS

]




b)s, = 3,d = 4,and 1, = 59; determine n_ 5
g
<

5. The steam clock in the Gastown district of Vancouver, B.C., displays

the time on four faces and announces the quarter hours with a 6(, = 96
whistle chime that plays the tune Westminster Quarters. This ?
sequence represents the number of tunes played from 1 to 3 days: -é I\: .

96, 192, 288, . .. Determine the number of tunes played in‘ox’leﬂyg‘ar.

% 172 th=t, * ‘kb&-’)
Laps

9+ 16( 26%)
GEomy

wov

n(t, + 1)

. ultiple Choice For which series could you use §, =
determine its sum?

A3+5+7+10+13+17 +21
(B3-1-5-9-13-17-21D 0[_—. -y
C—3-5-8-10~13~ 15~ 18
D3-1+5-3+7-5+9

7. a) Create the first 5 terms of an arithmetic series with a common
difference of —3.

-3 -6 -7 <12 -5

. otar—n

b) Determine S, for your series.

% 2Y(29)
2. 25 (e’l L_y"3) + (-3)zs
__/M,T

= ‘3 (-—lg + "75’\

= 13( -3 "(':{053)




S+E£ | = Find n

8. Determine the sum of this arithmetic series: 1< g = _2 + 5 ( N- ;)
—2+3+8+13+...+158
4 -2 158 = -2 +5n-5
= 1S% = 5n <]
ad=5 165 = 8n
-ﬁn'-‘-‘lsg 33 =

step o . Sp= N(EIFED)
S0 Ay, i, G

9. Use the given data about each arithmetic series to determine the
indicated value.

a) 5;, = 106.25 and t,, = 8.25; determine ¢,

gm:',\(% , J,-e,) 212.5 =74 +1¢0,25

ema—————

— 72,26 = 17€
Joo.as = 17 (&, + %28 17 |7

z
106.2.S =174, + 1%0.25 @
2 )

b) S,; = 337.5and t, = —2; determine d

l)aa Sa = nctl;{"){o Q«L‘é,s

337,52 15(-2 +49)
2
337, = -%0 + €€t s
&

now use € =4, +d(n-y
H7=-2+A05-N
W21 Y1224 1%
'-,"2 _‘f‘?-’ /‘?‘A

08 < IS4, 35=4)
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Math 20 - 1 Pre-Calculus 11 Topic 1.3 Geometic Sequence

Solve problems involving geometric sequences.

Get Started
For each sequence below, what are the next 2 terms? What is the rule?
111l ] |
* l,2)3,4’5)‘-- Tl -:_i a/d_d, \ /n m’ Mwﬂ““
1111
* Loy --- e ._.L.
li: 927 8217 81, 2‘!3 29 Aenom . ol FDM 0’( 3

-24372% % (o; -3
Construct Understanding

A French pastry called mille feuille or “thousand layers” is made -t wrng

from dough rolled into a square, buttered, and then folded into

thirds to make three layers. This process l 3

is repeated many times. Each step of 9

folding and rolling is called a turn. — 3 27

How many turns are required to get é/- 8/

more than 1000 layers? 5 243
19 = ¢ \ 129

7 2187

A geometric sequence is formed by multiplying each term after the 1st
term by a constant, to determine the next term.

For example, 4, 4(3), 4(3)%,4(3)%,. .., is the geometric sequence:
4,12,36,108,. .

The first term, t,, is4 and the constant is 3.

The constant is the common ratio, r, of any term after the first, to the ,£ 2
preceding term.

.w
i\
“‘S‘\

‘The common ratio is any non-zero real number. -
To determine the common ratio, divide any term by the preceding term.
For the geometnc sequence above: '

_12 _36 _ 108
r= and r=1 and r=3g
r=3 r=3 | r=3

The sequence 4, 12, 36, 108, ... ., is an infinite geometric sequence
because it continues forever. ' o
The sequence 4, 12, 36, 108 is a finite geometric sequence because the
sequence is limited to a fixed number of terms.



Here are some other examples of geometric sequences.

+ This is an increasing geometric sequence because the terms are
increasing: 2, 10, 50, 250, 1250, ...
The sequence is divergent because the terms do not approach a
constant value.

* Thisisa geomemc sequence that neither increases, nor decreases \
because consécutive terms havenumerically greater values and different
signs: 1,—2,4,-8,16,...

The sequence is dwergent because the terms do not approach é constant
value. : - "

* This is a decreasing geometric sequence because the terms are
~ decreasing: -
11111
2481632
The sequence is convergent because the terms approach a constant
- value of 0.

a) Determine the 12thherm of this geometric sequence: Example 2
512,-256, 128, —64,
b) Identify the sequcnce as convergent or divergent.

Create a geometric sequence whose Sth term is 48,

-25¢ i

r= sz ° = - 49
’A’f
£,=2512 |
’f‘ll'fl,z(‘-f%)z’ ",ﬁ y = 02 L en M 49 1;3,2*
’{:3:51.7..(’5> +o 7&‘(’ €y
ty= 62 () 2F 48

ta=52(2) = 7 Keep goury

ond, aince comapanloot 3 ¢ 1x 2978
M 99/M/m;/., Z€v0,

acﬁfwm sepuonce

MWW



A geometric sequence with first term, ¢,, and common ratio, 7, can be

written as:

t, tr e b et oL, b _ :

P e ’1' " Theexponent of each power of the
tTt 1 1 commonraboisﬂessﬁzanﬁ\e
L ot L, " term number,

Recall that the product of two negative numbers is positive. So,a square
number may be the product of two equal negative numbers or two equal
posmve numbers. For example,

whenr® = 4
thenr = +./4
andr,=2orr= —2

To determine the common ratio of a geometric sequence, you may need
to solve an equation of this form:

_. = 8l
then =9
and r=30rr= -3

Example 4

Example 3 The population of Airdrie, Alberta, experienced an average annual

' growth rate of about 9% from 2001 to0 2006. The population in 2006
" was 28 927. Estimate the population in each year to the nearest
thousand.
a) 201t
b} 2030, the 125th anniversary of Alberta becoming part of Canada

In a finite geometric sequence, t, = 5and z, = 1280
a) Determine t,and ¢,
b) The last term of the sequence is 20 480. How many terms are in the

sequence? What assumption did you make? Js this assumption reasonable?
(ﬂ) —[_nz-é, rn‘! or back
§-1
(280 = § -\
1280 =5r " 5> ‘én"é"’
n -t
266 = 0" 2ot 51
+z6c = 1 [ s
=T $096 = 4"

t =5 7,w+wé:ﬂ4»u b 40%¢
£, = 5())=20 or S(-4) =0 Mo ol 4§74
2,2 SCH) or §(4)° 2o n=7
= 75120 or 5o ﬂ‘eu wm,o;«ﬂ%déghm..



Pop <m 2006 -wae ZXY927
2007 wne 284927 + 0.07(.27727)

or

/.07[,29‘727) or 29927 (/.ofﬂ

Tasfos 107 75 th oo in o
ﬂblgoﬂaﬁwumozml = 28927 (/-07)5

- 44 5678

1937/0 Wﬂ /o/aulai?x/(,;\,azo’so/ A is o

2006 4o 2030

Nz 2036 —2066 = 24

W ’Oop.

- 29927 (1.09) = 225 5#3.9

~ No '/Vewésx&?% u/&



Math 20-1 Lesson 1.3 Geometric Sequences — Guided Practice Name| A 1S L(JP/

Check Your Understanding *él - ; /

1. a) Determine the 10th term of

this geometric sequence: r=-3
2,-6,18,-54,... "6 -2

b) Identify the sequence as
convergent or divergent. —& =a( "3>

JCIO-.—.,—L(—s)? = -39 33¢

2. Create a geometric sequence
whose 6th term Is 27.

LY e 2L jog 5% 21

4 14/\
(=%
2
3. In a finite geometric sequence,
t,=7andt, = 567 L _ ._..—_.'3/4’7 f2= 7(5)=9~(
a) Determine t, and t,. ov
b) The last term is 45 927. L. =4,V -2l
How many terms are in the n ‘

sequence? 567 ;-'7_('1‘ 7{ 7(2) or 7( 3)
9] = rt 1701 ov -IT01

3 = ﬁ:éf""

4. Statistics Canada estimates the
population growth of Canadian l-f SIR7 = 7 3)
cities, provinces, and temitories. -
The population of Nunavut is — —
expected to grow annually by é S é 3

0.8%. In 2009, its population
was about 30 000. Estimate ¢ = ( § é /
the population in each year to '4(/\6‘/ 3 =

the nearest thousand.

a) 2013 :
b) 2049; Nunavut's 50th n= Ci
birthday



1. Determine the sum of the first
12 terms of this geometric
series:
3I+12+48+192 +...

QA

t, = 3amiris:132 = 4

Use:§, = —t'{f it
IRl &

Substitute:n = 12,1, = 3,r = 4
1%

S = §(1T:i’“}

S5, = 16777 215

The sum of the fiest 12 terms is

16 777 215.

L F#F 1

2. The sum of the first 14 terms
of a geometric series is 16 383.
The common ratio is —2.
Determine the 1st term.

Substitute:n = 14,5, = 16 383,
ro= -2 L

{1 - “214
N g g3 o 1= (=29

1 —{~2
t.{1 — 16 384
16383 = i——g——-——j
16 383 = ~5461t,
LELE
~5461 1
-3 = f,

The st termis —3.



3.

\

Calculate the sum of this
geometric series:

-3 =15 —75 — ... — 46 875
t = -Eandris%%s =5

To determine n, use: t, = £,/

Substitute: {, = ~46 875,
b= ~3,r=5
~46 875 = (~3)(5)" "
15625 = 5"
56 = 5{3«1
6=n -1
n=17

There are 7 terms in the series.

5{1 - ")

Use:s, = ———,r # 1

Substitute!n = 7,8, = -3,

r=75
(=31 - 37y
$; = 1 -5
5, = ~58593
The sum is —58 593,

H

4. A person takes tablets to cure

Ay

a chest infection. Each tablet
contains 500 mg of an
antibiotic. About 15% of the
mass of the antibiotic remains
in the body when the next
tablet is taken. Determine the
mass of antibiotic in the body
after each number of tablets:

a) 3 tablets b) 10 tablets

Number | Mass of
of tablets | antibiotic {mg)

1 500

2 500 + 500(0.15)
= 575

3 500 + 506(0.15)
+ 500(0.15)
= 586.25

The sum is 586.25. So, after
taking the 3rd tablet, the
total mass is 586.25 mg, or
about 586 my.

b) Determine the sum of this

geometric series:

500 + 500{0.15) + 500(0.15)
+ 5000157 + ... +
500(0.15)°

t(1 — ")
Use: §, = L £ 1
Substitute:n = 10, ¢, = 500,
andr = 0.1%

¢ . S0t - 0.15™
L T
S, = 588.2352...

The mass of antibiotic is
about 588 mg.



Determine the sum of an hﬁnﬁe geometric series.
An infinite geometric series has an infinite number of terms.

For axunﬁmt

" to a constant value

" This sum is called the sum tnmﬁmty and is denoted by S,,.

L

vagieomemc series, if the sequence of partial sums converges
as thé number of terms i increases, then the geometric
series is convergent and the constant value is the finite sum of the series.

a)r/-ée_ O < as a Sefies

0.6 =0.6+0.06+% O,éoé+.
¢ R . “.. . - \_.
Predict whether each infinite geometric series has a finite sum. ?,'co uefY-f- 'Sevic$S L»ccaust = fo
Estimate each finite sum. .. -
a)2+‘+8+16+
b) 0.5 +1+2+4+... )
1 1 1 1
Ad5—3+z—c+...
)2 4 8 16 5 %, 0.5
N
0\5 S, =z L) S, =6.5 Ch:Z - %= §7025
e L, 1.3 S2= 1.5 L.l
S2 *zr¥ =% $5= 3.5 Si® wtyTge0378
¢
Sg ‘_73“.4‘;“‘8‘7‘ gﬁ; z 7.5 Sl‘.—— 0_375"2 = 0.3/28
v = Lo
S“ = %l__‘_i‘zz(l,?:-_ U ‘A\ k 55: 0_3‘254-—;“—0,3?‘375—
M. .
S, =i, 1. & PR sl = oamis g s 0 328 s
5 Tt T 3a (a.mf?@

’ﬂt sum a./;fears fo ée
A Finite sum of ee

\‘* l?’d\_q W f‘Ol‘lD 1$ 10674.«)6&:'\ “l

The Sunn appcars £o
Iae «@n«fé sum of ©.33

(appf*"‘)

a/wa *‘l




Example 2

Determine whether each infinite geometric series converges or
diverges. If it converges, determine its sum.

a)27—-9+3—1+... b)4—~8+16~32+...
_ t 3
So=tr | S.:7
| - r

o Since =R
- 27| dere will
[-CH | be po.

1. Predict whether each infinité .
geometric series has a finite sum.

:Estimate each finitesum, . - . 1
Lo a) 3 12 'l‘ 1%5 t .. _.;_{‘:- ‘f-"n’t:c
,»:;b)-4-8—16-32-— ! aot
,c) f -1%6+ 1306 é‘\‘ ,‘:.,M(.jw
okt ’\;;';;o- Fiacke

0)5‘”-0“ O [ 8 =kecon

Sa® 0.41L None Sz 0.0
S5 20.4%1% $3=0.09!
Sy = 04421 Sy = 0.0709
SS - O.‘f‘f‘fo

QS‘I" Sum = 0.% Ieg-l. sum = O 69

3. Determine a fraction that is

* equalto 0.16. _ R S
O.1b = D.1 + 0.06 +0,006 +06.0006 +. ..
series .
0.6 o0 _ & 2
S“M = R e T = T
- ‘7‘-0 6.9 fo “30
T =Lz _3 .2 _5

O"é i0 30 3° +3° 30

Example 3

Determine a fraction that is equal to 0.49,

O.‘f‘.?- = 0.4+0.0? +0.007+0.0007% +...

o
S%Mw = —ét = 0.09 - O.D? = __!_
l-r |-~ = 0.9 lo

o
+
-9 |
!
o
£+
+
ol~
i

sl
0

2. Determine whether each
infinite geometric series
converges or diverges. )

If it converges, determine its

sum. -

a)32 484205+, -
B) 100 — 10 +1 -0 +...

Q4 =32 r#dede
Se0 = ?i&. ‘%}=42.Z
b)'éﬁzoa r = =o.\
ARSI



